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We show that the coupling of homogeneous Heisenberg spin-1/2 ladders in different phases leads
to the formation of interfacial zero energy Majorana bound states. Unlike Majorana bound states
at the interfaces of topological quantum wires, these states are void of topological protection and
generally susceptible to local perturbations of the host spin system. However, a key message of our
work is that in practice they show a high degree of resilience over wide parameter ranges which may
make them interesting candidates for applications.
Introduction: The Majorana fermion has become one
of the most important fundamental quasi particles of con-
densed matter physics. Besides its key role as a build-
ing block in correlated quantum matter, much of this in-
terest is motivated by perspectives in quantum informa-
tion.1–3 Majorana qubits have unique properties which
make them ideal candidates for applications in, e.g., sta-
bilizer code quantum computation.4 Current experimen-
tal attempts to isolate and manipulate Majorana bound
states (MBSs) focus on interfaces between distinct phases
of symmetry protected topological (SPT) quantum mat-
ter. These material platforms have the appealing prop-
erty that MBSs are protected against local perturbations
by principles of topology. In practice, however, topo-
logical protection may play a lesser role than one might
hope, and various obtrusive aspects of realistic quantum
materials appear to challenge the isolation and manip-
ulation of MBSs. Specifically, in topological quantum
wires based on the hybrid semiconductor-superconductor
platform5 or on coupled ferromagnetic atoms,6 all rele-
vant scales are confined to narrow windows in energy.
In this regard, proposals to realize MBSs in topological
insulator nanowires7 may offer superior solutions. How-
ever, these realizations require a high level of tuning of
external parameters, notably of magnetic fields, and may
be met with their own difficulties.
In this Letter, we suggest an alternative hardware plat-
form for the isolation of zero-energy MBSs. Our proposal
does not engage topology. Specifically, local perturba-
tions of the microscopic Hamiltonian may induce non-
local correlations between the emergent Majorana quan-
tum particles. However, we argue below that in practice
this problem is less drastic than one might fear, and that
the current architecture may grant a high level of effec-
tive protection. The numerical evidence provided below
certainly points in this direction.
The material platform we suggest is based on spin lad-
der materials. Their phases can be classified by combin-
ing standard Landau-Ginzburg symmetry breaking with
the presence of SPT order.8,9 We show here that com-
bining ladders in different phases provides a systematic
means to generating interface MBSs. The formal bridge
between the physics of spin ladders and that of Majorana
fermions is provided by a two-step mapping, first repre-
senting the spin degrees of freedom by bosons, followed
by refermionization of the latter into an effective Majo-
rana theory.10 We will discuss how numerous spin ladder
properties that are difficult to access in the spin language
are made simple and transparent in Majorana representa-
tion. In particular, SU(2) invariant spin ladders with two
legs are described by a theory of four massive Majorana
fermions, comprising a triplet and a singlet of different
masses, together with a global parity constraint. The
ground state (g.s.) degeneracies of the spin systems are
then encoded entirely in zero-energy MBSs localized on
the boundaries of the system.
Two surprising findings arise from this Majorana rep-
resentation. The first is that additional g.s. degeneracies
can appear in inhomogeneous ladders, where the spin-
spin interactions vary spatially along the ladder. In the
fermionic language, these degeneracies manifest them-
selves in new MBSs appearing at the phase boundaries
via the Jackiw-Rebbi mechanism,11 according to which
a sign change in the fermion mass creates a zero mode.
This may happen even if all of the bulk phases compos-
ing the ladder do not support MBSs on their own. The
second finding is that zero-energy MBSs exist only if the
spatial variation of spin couplings about the boundary is
sufficiently gentle (a few lattice sites, in practice). The
spatial smoothness across the interface is required to sta-
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FIG. 1. Phase diagram for the Hamiltonian (1) obtained from
SU(2) DMRG simulations of a 100× 2 site ladder with bond
dimension χ = 1500 states. The red (blue) phase boundary
shows the critical line with Majorana fermion mass mt = 0
(ms = 0). Inset figures show schematic representations of
singlet (blue) and triplet (red) bond order within each phase,
and the corresponding signs of mt and ms.
bilize the mapping onto a continuum description and to
prevent the coupling of distant MBSs via higher-energy
states. This condition manifests the lack of topological
protection. (For other zero energy modes in topologically
trivial phases, see Refs. 12–16.) However, we present nu-
merical evidence that these MBSs are nonetheless close
to zero energy over parametrically wide regions.
Spin ladders: Ladder geometries provide an important
viewport on the physics of strongly correlated electron
systems17 and are a research focus of condensed matter
physics in their own regard. They are close enough to be-
ing one-dimensional (1D) that powerful theoretical tech-
niques can be deployed in their understanding running
the gamut from field theory10,18–20 and Bethe ansatz21
to density matrix renormalization group (DMRG).22–25
However, they are also far enough removed from 1D
that they capture the physics of two-dimensional sys-
tems. We here focus on ladders where the fluctua-
tions of spin-1/2 degrees of freedom are dominant (e.g.,
SrCu2O326) over ladders where charge degrees are mo-
bile (e.g., Sr14−xCaxCu24O4127). For concreteness, we
consider the two-leg ladder Hamiltonian
H = J
∑
`=1,2
N−1∑
r=1
S`,r · S`,r+1 + J⊥
N∑
r=1
S1,r · S2,r
+ J×
N−1∑
r=1
(
S1,r · S1,r+1
)(
S2,r · S2,r+1
)
,
(1)
where Sa`,r is the a = x, y, z spin-1/2 operator located
on leg ` and rung r of the ladder. The exchange param-
eters J := 1, J⊥, J× characterize leg, rung, and plaque-
tte interactions, respectively. For uncoupled Heisenberg
chains, the total spin of each leg would be conserved, and
we could work in a representation where Sz` =
∑
r S
z
`,r
are good quantum numbers. Assuming an even num-
ber N of sites per chain, both Sz` ∈ Z are integer val-
Phase mt/ms d+/d− g.s. deg.
H +/− 4/2 4
RS −/+ 1/2 1
VBS+ +/+ 4/4 8
VBS− −/− 1/1 1
TABLE I. Phases of the spin model, the signs of their fermion
masses, mt/ms, the g.s. degeneracies, d±, of their even/odd
sectors (Sz±) before the parity restriction (2) is applied, and fi-
nally their overall actual g.s. degeneracies from SU(2) DMRG.
ued. The coupling J⊥ exchanges spin in integer units,
Sz1 → Sz1 ± 1, Sz2 → Sz2 ∓ 1, violating the conservation of
the individual Sz` , but still constraining the even and odd
combinations, Sz± = Sz1 ± Sz2 , to have identical parity,
Sz+ ≡ Sz−(mod2). (2)
We thus expect an effective fermionized theory of the
system to display a U(1) symmetry reflecting the conser-
vation of Sz+ plus a Z2 parity condition implementing (2).
The latter introduces correlation between the Sz+ and the
Sz− sector and will play a key role throughout.
Phase diagram: Depending on the couplings J⊥, J×,
the Hamiltonian (1) supports different phases. For strong
positive rung interaction J⊥ and weak plaquette interac-
tion J×, the formation of rung singlets (RS) is favored,
cf. the lower right part of Fig. 1. For strong negative
couplings J⊥, rung triplets are formed instead and ef-
fectively implement an S = 1 Haldane-Heisenberg chain
(Haldane phase, H). For strong J×, one may anticipate
‘valence bond solids’ (VBS) distinguished by different
types of periodically repeated intra-chain dimerization,
VBS+ and VBS− (see Fig. 1). While the existence of
different dimerization patterns is relatively easy to antic-
ipate, it takes more effort to determine the symmetries
characterizing them, the respective order parameters, the
g.s. degeneracies, and the phase boundaries. For exam-
ple, the Haldane phase is an SPT phase without a local
order parameter. It exhibits a four-fold g.s. degeneracy
due to two spin-1/2 degrees of freedom dangling at the
boundaries. In particular, the identification of the sym-
metries of the VBS phases is a non-trivial matter.28,29
The boundaries between the phases as well as the ensu-
ing g.s. degeneracies can be established via DMRG simu-
lations (see Appendix D): in Fig. 1 we present the phase
diagram and in Tab. I the g.s. degeneracies.
The presence of distinct dimerization patterns also pro-
vides a first clue as to the formation of zero energy de-
grees of freedom if chains of competing order are coupled
by interfaces of sufficiently smooth variation. As an ex-
ample, consider the RS–VBS−–RS setup in Fig. 2. The
VBS− chain breaks a translational Z2 symmetry via the
choice of the links harboring singlet configurations (indi-
cated as blue ovals). If the interface is sharp, one such
configuration is rigidly pinned between two RS phases,
and the ground state is unique. However, for a smooth
interface, dimerization patterns of either parity can be
3RS RS
VBS_
RS RS
zero mode
(a)
(b)
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FIG. 2. Bond formation patterns when parameters (J×, J⊥)
are varied (in green) in order to form a RS–VBS−–RS ladder.
a) For sudden parameter changes at interfaces. b) For smooth
parameter changes, Jackiw-Rebbi zero modes emerge when
the singlet mass, ms, changes sign (lowest sketch).
put at no difference in energy (cf. the bottom part of the
figure). This leads to a Z2 g.s. degeneracy between phases
whose ground states are individually non-degenerate.
Majorana representation: All the structures and phe-
nomena alluded to above afford a simple and surpris-
ingly quantitative description in a language of Majorana
fermions. The passage to this representation involves the
abelian bosonization30 of the spin ladder as an interme-
diate step. In a second step, the bosonic degrees of free-
dom are mapped to an equivalent system of Majorana
fermions.10 Within the bosonized framework, smooth and
rapid changes of the spin magnetization in the interac-
tion terms are represented as gradient (‘current-current’)
and transcendental (‘massive’) perturbations of the bo-
son fields, respectively (see Appendix A.1). Within the
fermion language, these in turn correspond to interac-
tion terms and bilinear fermion operators, where, cru-
cially, the former turn out to be irrelevant in a renormal-
ization group sense. This means that, perhaps counter-
intuitively, the spin ladder is represented by a system
of two non-interacting fermion fields, representing the
sum and the difference S± of the magnetization, respec-
tively. The fermion bilinears describe scattering between
left and right moving fermions, plus effectively super-
conducting correlations in the Sz− sector reflecting the
absence of U(1) symmetry. Much as for the case of topo-
logical superconducting wires,2 it then pays off to switch
to a Majorana fermion representation. As a result, one
arrives at the low-energy continuum Hamiltonian
H =
∫
dx
[
− iv
2
(
ξ0R∂xξ
0
R − ξ0L∂xξ0L
)
− imsξ0Rξ0L
− iv
2
(
ξR∂xξR − ξL∂xξL
)
− imtξR · ξL
]
,
(3)
where ξ0,1,2,3 are Majorana fields arranged into a singlet,
ξ0, and a triplet, ξ = (ξ1, ξ2, ξ3), subject to masses10
mt ∝ 9J×/pi2 − J⊥, ms ∝ 9J×/pi2 + 3J⊥. (4)
The doublets (ξ1, ξ2) and (ξ0, ξ3) represent the Sz+ and
Sz− sectors, respectively. In the Majorana language, the
U(1) ' O(2) symmetry of the Sz+ sector is realized
as a continuous rotation symmetry between the mass-
degenerate fields (ξ1, ξ2), and the Z2 symmetry of the Sz−
sector via sign inversion of ξ0,3. Importantly, these Majo-
rana fields are not independent but correlated via the spin
parity relation (2). In the present language, the global
Sz± quantum numbers assume the form Sz+ = i
∑
a ξ
2
aξ
1
a/2
and Sz− = i
∑
b ξ
3
b ξ
0
b/2, where
∑
a,b is a formal sum over
all eigenmodes of the system. (In translational invariant
cases, these are momentum modes. However, for systems
with boundaries or interfaces, the situation gets more in-
teresting.) The constraint (2) thus translates to
exp(pi
∑
a
ξ1aξ
2
a/2) = exp(pi
∑
b
ξ3b ξ
0
b/2), (5)
introducing entanglement between the four Majorana
sectors (see Appendx A.2).
Interfacial Majorana states: In the Majorana repre-
sentation, the g.s. degeneracy of a phase is diagnosed via
the appearance of MBSs localized at the system’s bound-
aries. Here the vacuum can be represented as a fictitious
Majorana system with infinitely large negative mass.31
A vacuum interface of a system with bulk positive mass
then amounts to the zero-crossing of a spatially depen-
dent mass function m(x), where the Jackiw-Rebbi mech-
anism implies the presence of a zero-energy MBS at each
end. Since two MBSs define a fermion Hilbert space of
dimension two, prior to imposing the parity constraint
(5), the g.s. degeneracy of a system of definite (J×, J⊥)
is given by d = d+d−, d+ = 22Θ(mt), d− = 2Θ(mt)+Θ(ms),
where Θ is the Heaviside function and we use Eq. (4). For
d > 1, (5) then implies a factor of two reduction in the
actually realized g.s. degeneracy, d → d/2. This integer
agrees exactly with the DMRG results listed in Tab. I.
The same g.s. degeneracies also follow from the bosonized
formulation (see Appendix B) from a truncated confor-
mal space approach32,33 for sine-Gordon like models.34–36
What happens at interfaces between ladders of differ-
ent symmetry can now be understood in equally straight-
forward ways. Let us then return to the RS–VBS−–RS
hybrid, see Fig. 2. Provided the interface varies smoothly
enough, the system is described by the Majorana theory
withmt < 0 butms changing from positive values to neg-
ative and back. We thus have MBSs at both interfaces
with spatial extension determined by the width of the
interface region. Naively, one might think that the same
principle secures the existence of MBSs in the comple-
mentary case of VBS−–RS–VBS− hybrids as well. How-
ever, there is a catch: The above argument does not make
reference to the parity constraint (5). In the RS–VBS−–
RS case, since ms > 0 in the outer RS segments, MBSs
will not only exist at the internal interfaces but also at
the outer vacuum boundaries, cf. Fig. 2(b). This im-
plies that changes in the occupation of the internal MBS
system can be compensated by the outer MBS system,
which may act as a ’parity sink’ to restore the condition
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FIG. 3. Finite size scaling of low-energy SU(2) DMRG eigen-
states in RS–VBS−–RS ladders of total length L. Blue/red
indicates singlet/triplet states (S = 0/1) (the g.s. is not
shown). We use J = 1, with the other couplings var-
ied as J⊥(x) = 43 (1 − w(x)) and J×(x) = − 43w(x), with
w(x) = f(x − x+) − f(x − x−), f(x) = [1 + exp( xδx )]−1,
Lc ≡ x+ − x−, and x± = (L ± Lc)/2. The width δx con-
trols the interface smoothness. The g.s. degeneracy develops
quickly with increasing δx and is only marginally affected by
the length Lc of the VBS− region (see Appendix D).
(5). In concrete terms, the + sector of the RS–VBS−–
RS ladder is even parity and has a unique g.s. as d+ = 1
for the RS and VBS− segments. On the other hand, the
− sector is nominally 4-fold degenerate (as d− = 2 for
each RS segment), but only two of the four states have
even parity, thus leaving only two allowed states once we
combine the ± sectors.
In Fig. 3 we present DMRG results showing that the
RS–VBS−–RS ladder indeed has a doubly degenerate
ground state for smooth interfaces. If J⊥ and J× defining
these phases vary too sharply, the ground state remains
unique. We explain why this is so field theoretically in
Appendix C. However, once the scale of variation extends
over just a few lattice sites, one rapidly approaches a two-
fold degenerate g.s. We also note that the energy gap pro-
tecting the g.s. degeneracy is rather large for the example
in Fig. 3. It is remarkable that MBSs are generated in
the RS–VBS−–RS example, where none of the individual
parts, VBS− or RS, support such states. Those MBSs
also provide a means to distinguish two different SPT-
trivial phases, cf. Refs. 28 and 29. The situation is rather
different for the VBS−–RS–VBS− system. Since one of
the two fermion states formed from the central MBS pair
is parity blocked, MBSs are effectively removed from the
zero energy Hilbert space37. See Appendix D.2.b for ver-
ification of this via DMRG. In this way, the parity con-
straint trumps the Jackiw-Rebbi principle.
Interfaces between phases of enriched symmetry define
higher-dimensional MBS systems. As an example, con-
sider the RS–H–RS hybrid. Although the g.s. degeneracy
of the central H segment (the outer RS phases) is only
four-fold (unique), the interfaces harbor a potential 32D
zero-energy space, with four MBSs at either side of the H
segment since four masses change sign upon crossing from
one phase into the other. Parity, as in the RS–VBS−–RS
ladder, reduces this by one-half (see Appendix D.2.c).
Reality check: The above constructions demonstrate
that spin ladder materials provide a remarkably rich plat-
form for the isolation of zero energy MBSs, with sizeable
energy gaps to higher-lying states. In view of the gen-
eral interest in MBSs it is imperative to ask how our
non-topological MBSs fare in comparison to topologically
protected MBSs. At first sight, the absence of topologi-
cal protection appears to be a crucial setback. However,
at present the probably most obtrusive effect hamper-
ing Majorana device functionality is the buildup of long-
range MBS hybridizations. In topological devices the hy-
bridization exponentially approaches zero with increasing
distance but can nonetheless be large in practice. For
example, in hybrid semiconductor wires, topological pro-
tection crucially relies on the rather tiny superconducting
proximity gaps.2,38–41 In the present setup, the lack of
topological protection manifests itself in long-range cor-
relations between MBSs when short range correlations of
the underlying spin chains are changed (in particular, the
interface roughness). However, the degrees of freedom
behind such changes are highly inert in realistic systems
since they require energy scales comparable to the ex-
change couplings. Even though these energy scales do
not grow with system size, they can be sufficiently large
to provide efficient MBS protection at low temperatures.
Outlook: A promising aspect of our approach is that
it brings a plethora of material platforms into play.
While we have focused on spin ladders, similar consid-
erations apply to many quasi-1D materials, in particular
those that admit a bosonization treatment, e.g., N -leg
Heisenberg ladders with SU(2) spin symmetry17,24,42 or
a more general SU(M) symmetry,18,25,43 coupled chains
of itinerant electrons,20,44–46 or coupled Luttinger liquid
systems.47,48 In addition, our setup directly comes with
an intrinsic source of strong entanglement. Indeed, the
Majorana parity constraint (5) plays a similar role to the
strong Coulomb charging energy49–52 in mesoscopic MBS
systems, where a related parity constraint implies qubit
functionality.53,54 The question of how this entanglement
mechanism may be turned into an operational resource,
and how the MBSs discussed here can be probed and/or
manipulated, is an interesting subject for future study.
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Appendix A: Majorana representation of the spin
Hamiltonian
1. Abelian bosonization
Referring to Refs. 10, 30, and 31 for details, we here
review how the ladder Hamiltonian, Eq.(1) of the main
text, is bosonized. Consider the spin operator S`,r at the
point r = x/a0 of the `th leg, where the lattice spacing is
a0. The abelian bosonized description involves splitting
the operator into a smooth and staggered component,
with these components expressed in terms of a bosonic
field Φ` together with its dual Θ`,10,30,31
Sz`,r
a0
= − 1
2
√
2pi
∂xΦ`(x) +
λ(−1)r
2pia0
sin
(
Φ`(x)√
2
)
,
S±`,r
a0
=
λe∓iΘ`(x)/
√
2
2pia0
[
cos
(
Φ`(x)√
2
)
+ (−1)r
]
.
(A1)
Here λ is a non-universal constant related to the
frozen charge degrees of freedom of a parent Hubbard
ladder.10,30,31 The Hilbert space of each boson is divided
into sectors marked by the total Sz quantum number,
and each sector has a state of lowest energy, denoted
|Sz〉.
Inserting Eq. (A1) into the Hamiltonian [see Eq. (1)
of the main text], we arrive at the bosonic description of
the spin ladder,
H =
∑
α=±
H(Φα,Θα) =
∫
dx
[
v
8pi
∑
α=±
[
(∂xΘα)
2
+(∂xΦα)
2
]
+
∑
α=±
gα cos(Φα) + g
′ cos(Θ−)
]
,(A2)
where we drop marginal interactions. The couplings of
the non-linear terms are related to the microscopic pa-
rameters through g± ∝ (9J×/pi2 ∓ J⊥) and g′ ∝ 2J⊥,
and we use symmetric/antisymmetric combinations of
the bosonic fields, Φ± = (Φ1 ± Φ2)/
√
2 and Θ± =
(Θ1 ± Θ2)/
√
2. The symmetric sector of Eq. (A2),
H+(Φ+, Θ+), is described by an integrable sine-Gordon
model. On the other hand, the antisymmetric sector
H−(Φ−, Θ−) is a sine-Gordon model perturbed by an
additional operator, the cosine of the dual field.
Having bosonized and changed basis, we proceed to
refermionize the theory. This allows us to identify MBSs
in the spin chain. To do so, we introduce the right/left
(R/L) moving fermions (carrying Sz charge)
ψ±,R =
κ±√
2pia0
e−
i
2 (Φ±−Θ±), ψ±,L =
κ±√
2pia0
e
i
2 (Φ±+Θ±),
where κ± are Klein factors that ensure the anti-
commutation of fermions of different species, {κa, κb} =
δab. We subsequently express the fermionic fields in terms
of their real and imaginary components. With p = R,L,
we write
ψ+,p = (ξ
2
p + iξ
1
p)/
√
2, ψ−,p = (ξ3p + iξ
0
p)/
√
2. (A3)
We then arrive at a low-energy field theory of Majorana
fermions10 as discussed in the main text.
2. Parity symmetry
We next explain in more detail how the Z2 spin parity
symmetry discussed in the main text induces a similar
Z2 symmetry in the Majorana system. First consider the
smooth part, Mz±, of the even and odd combinations of
the spin density operator,
Mz±(x) =
1
2pi
∂xΦ±(x) =
1
2
∑
p=L,R
(ψ†±,pψ±,p)(x), (A4)
expressed both as a fermion density and in terms of the
bosonic fields Φ±. Defining quantities integrated over the
system size L,
Sˆz± =
∫ L
0
dxMz±(x), Nˆ± =
1
2
∑
p
∫ L
0
dx(ψ†±,pψ±,p)(x),
(A5)
and ∆Φ± = Φ±(L) − Φ±(0), we obtain Sˆz± = Nˆ± =
1
2pi∆Φ±. Now consider the global parity constraint,
Eq.(2) in the main text, which gives
eipi(Sˆ
z
++Sˆ
z
−) = eipi(Nˆ++Nˆ−) = 1. (A6)
Using Eq. (A3), we find
Nˆ+ = − i
2
∑
p
∫ L
0
dxξ1pξ
2
p, Nˆ− = −
i
2
∑
p
∫ L
0
dxξ0pξ
3
p,
and hence the parity constraint follows in the form
e
pi
2
∑
p
∫ L
0
dx(ξ1pξ
2
p+ξ
0
pξ
3
p) = 1. (A7)
Appendix B: Ground State Degeneracies from
abelian bosonization
In this section, we consider the truncated conformal
space approach (TCSA) treatment of the deformed sine-
Gordon models in Eq. (A2). Their Hamiltonian density
is of the form
H = v
8pi
[(
∂xΘ
)2
+
(
∂xΦ
)2]
+g cos(Φ)+g′ cos(Θ) (B1)
with open boundary conditions. Our aim is to es-
tablish the degeneracies d± listed in Table I of the
6main text directly from the bosonized field theory. As
the problem is non-integrable, we require a framework
for studying the low-lying states in the spectrum of
Eq. (B1), which is provided by the TCSA. The TCSA
permits a non-perturbative description of perturbed con-
formal field theories (such as the sine-Gordon model
and its generalizations).32 For a comprehensive review,
see Ref. 33. This approach has been used to study
sine-Gordon like models,34 in particular the sine-Gordon
model with both Dirichlet35 and Neumann boundary
conditions.36
We do not provide a full analysis of the phase diagram
in Fig. 1 of the main text. Rather we choose represen-
tative points in each phase to determine the correspond-
ing g.s. degeneracy due to zero modes. (The latter is
not expected to change within a phase since it is tied to
signs of fermion masses which are fixed within a phase.)
The points considered here are (g, g′) = (g > 0, 0), (g <
0, 0), (0, g′ > 0), (0, g′ < 0), which correspond to con-
sidering the cos(Φ) and cos(Θ) perturbations separately.
The TCSA considers cos(Φ) and cos(Θ) as perturbations
of a free compact boson, using as a computational basis
the Hilbert space of such a boson.
1. Bosonic Hilbert Space
The Hilbert space for a given bosonic field, Φ`, and its
dual, Θ`, on one of the two legs (` = 1, 2) of the ladder
is understood as follows. The Hilbert space is divided
into sectors marked by their total Sz quantum number.
We denote the lowest-energy states in such a sector as
|Sz〉, with Sz = 0,±1,±2 . . .. On top of this set of Sz-
states are states created by acting with oscillator mode
operators, a−n (with n > 0), which appear in the mode
expansion of the bosonic fields30 (we suppress the leg
indices),
Φ(x, t) =
√
2pi + 23/2piSˆz
x
L
+
∞∑
n=1
2
n1/2
sin
(pinx
L
)(
ane
− ipintL + a−ne
ipint
L
)
,
Θ(x, t) = 23/2piSˆz
t
L
+ Θ0
+
∞∑
n=1
2i
n1/2
cos
(pinx
L
)(
ane
− ipintL − a−ne ipintL
)
.
(B2)
The constant term,
√
2pi, in Φ(x, t) corresponds to open
boundary conditions, where Φ satisfies Dirichlet bound-
ary conditions. Indeed, putting Φ(x = 0) =
√
2pi
amounts to identically vanishing lattice spin operators,
S±`,r, at the boundary, see Eq. (A1) and Ref. 30. The
zero mode operator Θ0 appearing in Θ(x, t) can be con-
sidered as the center-of-mass position of the Θ boson.
(This degree of freedom is absent from the Φ boson as
its boundary conditions have been fixed). Θ0 is conju-
gate to the Sˆz operator, [Θ0, Sˆz] =
√
2i. Correspondingly,
we see that highest weight sets follow from relations like
|Sz = ±1〉 = e∓iΘ0/
√
2|Sz = 0〉. The oscillator modes
satisfy the commutation relation [an, am] = nδnm, and
represent an infinite set of ladder operators. Here, the
a−n with n > 0 are creation operators while the an anni-
hilate the states |Sz〉. The full set of Hilbert space states
amounts to products of the creation operators acting on
various |Sz〉 states, ∏Ni a−ni |Sz〉 with ni > 0.
2. Truncation and Formation of Hamiltonian
Matrix
The above Hilbert space is infinite dimensional and
in practice must be truncated. Typically this is done
by keeping all unperturbed states with energy Es below
some cutoff energy, Es < Ec. The unperturbed (g = g′ =
0) energy of a state |s〉 = ∏Msi a−ni |Sz〉 with ni > 0 is
Es =
pi
L
[
(Sz)2
2
+
Ms∑
i=1
ni − 1
24
]
. (B3)
Typically one increases Ec until convergence is obtained
(i.e., results become independent of Ec), or until one can
detect a trend in the numerical data as a function of Ec
so that one can extrapolate (even in principle) Ec →∞.
There are a variety of ways of performing this extrapola-
tion enhanced by analytical and numerical renormaliza-
tion group considerations.33 After truncation, the Hamil-
tonian is a finite dimensional matrix whose entries are
determined by the unperturbed energies in Eq. (B3) (on
the diagonal) and by matrix elements of the form
〈s| cos (Φ(x, 0))|s′〉, 〈s| cos (Θ(x, 0))|s′〉.
These matrix elements can be easily determined by using
the commutators of the oscillator modes with the vertex
operators e±iΦ(x,0), e±iΘ(x,0),
[an, e
±iΦ(x,0)] = ±i2 sin
(pinx
L
)
e±iΦ(x,0),
[an, e
±iΘ(x,0)] = ±2 cos
(pinx
L
)
e±iΘ(x,0),
together with the fundamental matrix elements of the
vertex operators on the highest weight Sz states,
〈Sz|e±iΦ(x,0)|Sz′〉 = δSz,Sz′ ,
〈Sz|e±iΘ(x,0)|Sz′〉 = δSz,Sz′∓2.
Once the Hamiltonian matrix has been computed, it can
be easily numerically diagonalized and the resulting spec-
trum extracted.
For studying the cos(Φ) perturbation we will pursue
the simple strategy of forming the computational basis by
truncating the unperturbed spectrum for different values
of Ec and seeing whether we see g.s. degeneracies develop
(or not) as Ec is increased. However for the cos(Θ) study,
we will alter the strategy somewhat. We have found that
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FIG. 4. TCSA data for the energies of the three lowest-lying
states for a pure g cos(Φ) perturbation with g > 0. We expect
these three states to be degenerate for L → ∞ and without
truncation (N → ∞). The first two of these states are de-
generate carrying Sz = ±1. The third carries Sz = 0 and
is the highest energy of the three for finite L and finite N .
We present data for four different cutoffs (N = 9, 13, 17, and
21) and system sizes L (ranging from 2.5 to 14.5). We see
that as N increases, the gap between these states and the
g.s. decreases over a range of L, especially for large L.
keeping a large, fixed number of highest weight states,{| − Szmax〉, | − Szmax + 1〉, · · · , |Szmax〉} while truncating
at different levels the oscillator content works best. This
then involves keeping states of the form
|s〉 =
Ms∏
i
a−ni |Sz〉;
Ms∑
i=1
ni ≤ N, |Sz| ≤ Szmax,
for different choices of N and Szmax. It is similar to a
truncation of states in terms of energy, but we do not
count the contribution of finite Sz to a state’s energy.
This strategy works here as the cos(Θ) perturbation con-
nects states with different values of Sz, and the physics
is dominated by the zero mode Θ0. The problem thus ef-
fectively becomes 0+1 dimensional, where the oscillator
modes only renormalize the underlying zero-mode prob-
lem in a quantitative (not qualitative) fashion.
3. Analysis of the cos(Φ) Perturbation
We now will consider the Hamiltonian, see Eq. (B1),
for g′ = 0, where we have a pure cos(Φ) perturbation.
For g > 0, we expect the g.s. to have a 4-fold degeneracy
while for g < 0, the g.s. should be unique. In Tab. I of the
main text, this covers all four instances of the even sector
(d+ = 4 or d+ = 1) and two instances of the odd sector
(for the VBS+ and VBS− phases). In Fig. 4 we present
our numerical data for the energies of the three lowest
excited states, for g > 0. Here g has been chosen so that
the bulk gap equals unity. The excited states are labelled
by the Sz quantum number of the sector in which they
lie. The first two states are found in the Sz = ±1 sectors
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FIG. 5. TCSA data for the energy of the first two (degenerate)
excited states for a pure g cos(Φ) perturbation with g < 0.
These excited states correspond to Sz = ±1 solitons along
our system. We present data for four different cutoffs (N =
9, 13, 17, and 21), with system size L ranging from 2.5 to 14.5.
We see with increasing N , the energy approaches the bulk gap
value (E = 1) over an increasingly wide range of L.
and are degenerate, while the third excited state is in the
Sz = 0 sector. We present data for a number of different
energy truncations as marked by N , related to Ec via
Ec = (pi/L)
[
(Sz)2/2 +N − 1/24] . We plot this data vs
the chain length L. At small L, we are in the UV limit
and expect energy levels ∼ 1/L. While we do not present
data for very small L, this trend is observable around
L ∼ 4 for large N . In an intermediate range, L ≈ 4 to 6,
we expect the low-lying states to have roughly the same
energies as for L→∞. At larger values of L, we expect
the appearance of finite truncation effects which manifest
themselves as increases in the energies of the lowest lying
states relative to the g.s. energy. We see this in Fig. 4 for
L > 6. Of course as N is increased, we expect the data
at larger L to tend to return towards the values obtained
in the intermediate L region. And this trend we indeed
do see in the data as well. Overall the data presented in
Fig. 4 allows us to conclude that the system develops a
4-fold degenerate g.s. as asserted. We can clearly see that
in the intermediate region (L = 4 to 6), as N is increased,
both the first excited state in the Sz = 0 sector as well
as the lowest lying states in Sz = ±1 sectors become
degenerate with the Sz = 0 state.
In Fig. 5 we present our TCSA data for g < 0. Here
we have again have chosen the value of g so that the
gap in the bulk is unity. And because there should be
no g.s. degeneracies in this case, we expect the energies
of the first two excited states here to be degenerate and
equal to 1. And this is what we see. In comparison to the
g > 0 case, the region of L where the conformal (g = 0)
UV physics dominates is now larger, extending to L ∼
6. But for L > 6, the energy of the first excited states
approaches 1. As we go to larger L and see the effects of
finite truncation, the energy of degenerate excited states
dips below 1. But as the cutoff N is increased, the energy
returns to 1, albeit slowly. This data is then consistent
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FIG. 6. TCSA data for the energy of the first excited state
for a pure g′ cos(Θ−) perturbation with g′ > 0. We plot
the data for a fixed Szmax = 6 (see text) while varying the
oscillator mode content of the truncated Hilbert space from
no oscillator modes (N = 0) to N = 11. We see that the first
excited state becomes degenerate with the g.s. for L > 4 as
N is increased.
with a unique g.s. for g < 0.
4. Analysis of the cos(Θ) Perturbation
We now turn to the consideration where the theory
is perturbed purely by the dual boson, g′ cos(Θ), in
Eq. (B1). Unlike with the cos(Φ) perturbation, the
g.s. degeneracy does not depend on the sign of g′, and we
thus only consider the case g′ > 0. Again, we choose g′
such that the bulk gap is 1. We expect a 2-fold g.s. de-
generacy which corresponds to the − sector for the H and
RS phases. We present our data in Fig. 6. For L > 6, we
exit the UV regime where conformal physics dominates
and the gap to the first excited state vanishes. The re-
gion in L over which the gap vanishes increases as the
cutoff N increases. We here have used a modified cut-
off strategy where we leave the number of highest weight
states |Sz〉 fixed with Szmax = 6, regardless of the value
of N . We then vary N and allow the oscillator content of
the states built on top of this set of |Sz〉-states to change.
We see from Fig. 5 that even if we consider a truncation
of the Hilbert space that is pure highest weight states
(i.e. N = 0), the results are not terrible – we find a gap
below 0.05 in our units. As we then allow for N > 0, this
already very small gap rapidly decreases to zero.
5. Bosonic Phase Diagram
In Fig. 7 we summarize the results of our TCSA anal-
ysis. We show both the g.s. degeneracies for the bosonic
Hamiltonians of the even and odd sectors. In this dia-
gram we have labelled the degenerate ground states ac-
cording to their parity. So, for example, for the even
sector Hamiltonian H+ with g+ > 0, there are four de-
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⊥
H+(Φ+, Θ+) H-(Φ-,Θ-)
mt > 0; g+ > 0
mt < 0, g+ < 0
mt=0 mt=0
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mt, ms > 0;
g- > 0, |g-| > |g’|JXJX
mt, ms < 0;
g- < 0, |g-| > |g’|
mt < 0, ms > 0;
g’ > 0, |g’| > |g_|
mt > 0, ms < 0;
g’ < 0, |g’| > |g_|
? ?
FIG. 7. Phase diagrams for the two bosonic sectors,
Hα(Φα,Θα), α = ±.
generate ground states, two with even parity, |0+〉, |0′+〉,
and two with odd parity, |1+〉, |1′+〉.
Let us now consider how taking into account parity
restricts the g.s. manifold of the full ladder (which comes
from tensoring ground states of the even and odd sectors
together). Take the VBS+ phase, where mt,ms > 0.
For the + sector, the bosonic g.s. is 4-fold degenerate.
Similarly, the g.s. in the− sector is also 4-fold degenerate,
with two states of each parity: |0−〉, |0′−〉, |1−〉, |1′−〉. The
gluing rules matching parity then permit the following
g.s. manifold for the VBS+ phase:
|0+; 0−〉, |0+; 0′−〉, |0′+; 0−〉, |0′+; 0′−〉,
|1+; 1−〉, |1+; 1′−〉, |1′+; 1−〉, |1′+; 1′−〉.
States such as |0+; 1−〉 are disallowed because the + and
− sectors have different parities and hence the VBS+
phase has an 8-fold (not 16-fold) degenerate g.s. in agree-
ment with DMRG.
As a second example, the H phase hasmt > 0, ms < 0.
The + sector has the g.s. manifold |0+〉, |0′+〉, |1+〉, |1′+〉,
while in the − sector we have only |0−〉, |1−〉. Thus the
permitted g.s. set is given by
|0+; 0−〉, |0′+; 0−〉, |1+; 1−〉, |1′+; 1−〉
which is 4-fold degenerate, consistent with DMRG.
Appendix C: Splitting of Ground State Degeneracy
for Sharp Transitions
Using the notation in Sec. B 5, we the two ground
states of the RS–VBS−–RS ladder are given by
|gs1〉 ≡ |0+, 0+, 0+; 0−, 0−, 0−〉,
|gs2〉 ≡ |0+, 0+, 0+; 1−, 0−, 1−〉.
Adding the g.s. parities of each individual portion of the
ladder (modulo 2), the ± sectors have equal (and even)
parity. Now it is clear in the lattice spin picture why the
degeneracy of the two ground states in the RS–VBS−–RS
ladder is broken. As shown in Fig. 2 of the main text, it
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J?
<latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit><latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit><latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit>
J⇥
<latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit>
ms<latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+ wqWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9 INx0IV3WYS98Ekfx/Ot0e 8oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9Z WRRUpiZaAjazMDaRgAzP/ DBSPF9gpKjMu/NdZBNF/7 KR6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th 4ve8fTfqvsUEekkdkm4Tk kByRV+SYTAkjOflMvpCvz sr55nx3fqxRZ9TXPCD/hP PzD/9J8Hs=</latexit><latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+ wqWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9 INx0IV3WYS98Ekfx/Ot0e 8oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9Z WRRUpiZaAjazMDaRgAzP/ DBSPF9gpKjMu/NdZBNF/7 KR6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th 4ve8fTfqvsUEekkdkm4Tk kByRV+SYTAkjOflMvpCvz sr55nx3fqxRZ9TXPCD/hP PzD/9J8Hs=</latexit><latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+ wqWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9 INx0IV3WYS98Ekfx/Ot0e 8oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9Z WRRUpiZaAjazMDaRgAzP/ DBSPF9gpKjMu/NdZBNF/7 KR6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th 4ve8fTfqvsUEekkdkm4Tk kByRV+SYTAkjOflMvpCvz sr55nx3fqxRZ9TXPCD/hP PzD/9J8Hs=</latexit>
J?
<latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit><latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit><latexit sha1_base64= "OstR9Zlh9ee4g7KpbQj8+/6CjMo=">AAAC+nicbZL LbtQwFIY94daGWwtLNhERUpGqKGlLO+wqWIBYFcQwl cbRyHFOMtY4TmQ7wMjNQ7CFJauKLS/DhmfByaSipBz J1u/zf8f3pOJM6TD8NXKuXb9x89bGpnv7zt1797e2 H3xQZS0pTGjJS3maEAWcCZhopjmcVhJIkXCYJsuXrT /9CFKxUrzXqwriguSCZYwSbVPTN3NcgazmW34YhF14 V0XUCx/1cTLfHv3GaUnrAoSmnCg1i8JKx4ZIzSiHxs W1gorQJclhZqUgBajYdPttvCc2k3pZKW0T2uuylys MKZRaFYklC6IXaui1yf95s1pn49gwUdUaBF0vlNXc0 6XXHt5LmQSq+coKQiWze/XogkhCtb0iFwv4RMuiICI 1eAm6mUWxwRwyfeZHWLJ8obEkIu/Od5lNJPnLYt4hF xVnA1blYs1q+KxNO9rxo6d4d4Ax1vQIa6yVQmYfuL so80oCiMbIPGlMGOwf7IbBs0PbRYcD8AWv4YKz/l5L jgfMO0h7JOqmsF141Liu/RHR8P2visle8DwI3x74x+ P+a2ygR+gx2kEROkLH6DU6QRNE0RJ9QV/RN6dxvjvn zo816oz6mofon3B+/gFuGvIg</latexit>
J⇥
<latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5 df+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqy oaa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e 6i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/b kuMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit>
a) ground state |0+, 0+, 0+; 0 , 0 , 0 i
<latexit sha1_base64 ="YQL0h+N1csr9Ki5JeFoamQclEos=">AAACHni cbVBdSxtBFJ3VWjXautVHX4aGgmIadsVSwRfBFx 8Vmg9IwnJ3cpMMzs4uM3cLYU3+iC/+FV/6UBHBJ /03ncR9aGMPHDiccy8z98SZkpaC4MVbWn638n51 bb2ysfnh45b/abtp09wIbIhUpaYdg0UlNTZIksJ 2ZhCSWGErvjqb5a2faKxM9Q8aZ9hLYKjlQAogZ0 X+t6JrEg7706FJc92fWgLC6eQ6iA5qJU+C6GutZ NeAHiqM/GpQD+bgb0VYiiorcRH5T91+KvIENQkF 1nbCIKNeAYakUDipdHOLGYgrGGLHSQ0J2l4xP2/ CvzinzwepcdTE5+7fGwUk1o6T2E0mQCO7mM3M/2 WdnAbHvULqLCfU4vWhQa44pXzWFe9Lg4LU2AkQR rq/cjECA4JcoxVXQrh48lvRPKyHQT28PKqeHpZ1 rLFd9pntsZB9Z6fsnF2wBhPsht2x3+zeu/V+eQ/ e4+voklfu7LB/4D3/Adk3oFI=</latexit><latexit sha1_base64 ="YQL0h+N1csr9Ki5JeFoamQclEos=">AAACHni cbVBdSxtBFJ3VWjXautVHX4aGgmIadsVSwRfBFx 8Vmg9IwnJ3cpMMzs4uM3cLYU3+iC/+FV/6UBHBJ /03ncR9aGMPHDiccy8z98SZkpaC4MVbWn638n51 bb2ysfnh45b/abtp09wIbIhUpaYdg0UlNTZIksJ 2ZhCSWGErvjqb5a2faKxM9Q8aZ9hLYKjlQAogZ0 X+t6JrEg7706FJc92fWgLC6eQ6iA5qJU+C6GutZ NeAHiqM/GpQD+bgb0VYiiorcRH5T91+KvIENQkF 1nbCIKNeAYakUDipdHOLGYgrGGLHSQ0J2l4xP2/ CvzinzwepcdTE5+7fGwUk1o6T2E0mQCO7mM3M/2 WdnAbHvULqLCfU4vWhQa44pXzWFe9Lg4LU2AkQR rq/cjECA4JcoxVXQrh48lvRPKyHQT28PKqeHpZ1 rLFd9pntsZB9Z6fsnF2wBhPsht2x3+zeu/V+eQ/ e4+voklfu7LB/4D3/Adk3oFI=</latexit><latexit sha1_base64 ="YQL0h+N1csr9Ki5JeFoamQclEos=">AAACHni cbVBdSxtBFJ3VWjXautVHX4aGgmIadsVSwRfBFx 8Vmg9IwnJ3cpMMzs4uM3cLYU3+iC/+FV/6UBHBJ /03ncR9aGMPHDiccy8z98SZkpaC4MVbWn638n51 bb2ysfnh45b/abtp09wIbIhUpaYdg0UlNTZIksJ 2ZhCSWGErvjqb5a2faKxM9Q8aZ9hLYKjlQAogZ0 X+t6JrEg7706FJc92fWgLC6eQ6iA5qJU+C6GutZ NeAHiqM/GpQD+bgb0VYiiorcRH5T91+KvIENQkF 1nbCIKNeAYakUDipdHOLGYgrGGLHSQ0J2l4xP2/ CvzinzwepcdTE5+7fGwUk1o6T2E0mQCO7mM3M/2 WdnAbHvULqLCfU4vWhQa44pXzWFe9Lg4LU2AkQR rq/cjECA4JcoxVXQrh48lvRPKyHQT28PKqeHpZ1 rLFd9pntsZB9Z6fsnF2wBhPsht2x3+zeu/V+eQ/ e4+voklfu7LB/4D3/Adk3oFI=</latexit><latexit sha1_base64 ="YQL0h+N1csr9Ki5JeFoamQclEos=">AAACHni cbVBdSxtBFJ3VWjXautVHX4aGgmIadsVSwRfBFx 8Vmg9IwnJ3cpMMzs4uM3cLYU3+iC/+FV/6UBHBJ /03ncR9aGMPHDiccy8z98SZkpaC4MVbWn638n51 bb2ysfnh45b/abtp09wIbIhUpaYdg0UlNTZIksJ 2ZhCSWGErvjqb5a2faKxM9Q8aZ9hLYKjlQAogZ0 X+t6JrEg7706FJc92fWgLC6eQ6iA5qJU+C6GutZ NeAHiqM/GpQD+bgb0VYiiorcRH5T91+KvIENQkF 1nbCIKNeAYakUDipdHOLGYgrGGLHSQ0J2l4xP2/ CvzinzwepcdTE5+7fGwUk1o6T2E0mQCO7mM3M/2 WdnAbHvULqLCfU4vWhQa44pXzWFe9Lg4LU2AkQR rq/cjECA4JcoxVXQrh48lvRPKyHQT28PKqeHpZ1 rLFd9pntsZB9Z6fsnF2wBhPsht2x3+zeu/V+eQ/ e4+voklfu7LB/4D3/Adk3oFI=</latexit>
b) ground state |0+, 0+, 0+; 1 , 0 , 1 i
<latexit sha1_base64 ="EOKXLOlDWCfAagVDfkLe294Kmcw=">AAACHni cbVBNSwMxEM36WetX1aOXYBEUtewWRcFLwYvHCr YW2rJk02kNZrNLMiuUtf0jXvwrXjwoInjSf2Pa7 sGvB8M83pshmRfEUhh03U9nanpmdm4+t5BfXFpe WS2srddNlGgONR7JSDcCZkAKBTUUKKERa2BhIOE quDkb+Ve3oI2I1CX2Y2iHrKdEV3CGVvILR2lLhz TYHfZ0lKjO0CBDGA7uXH9vP6tTzz+w/WDf9pZmq ifBLxTdkjsG/Uu8jBRJhqpfeG91Ip6EoJBLZkzT c2Nsp0yj4BIG+VZiIGb8hvWgaaliIZh2Oj5vQLe t0qHdSNtSSMfq942Uhcb0w8BOhgyvzW9vJP7nNR PsnrRToeIEQfHJQ91EUozoKCvaERo4yr4ljGth/ 0r5NdOMo000b0Pwfp/8l9TLJc8teReHxUo5iyNH NskW2SEeOSYVck6qpEY4uSeP5Jm8OA/Ok/PqvE1 Gp5xsZ4P8gPPxBd4MoFU=</latexit><latexit sha1_base64 ="EOKXLOlDWCfAagVDfkLe294Kmcw=">AAACHni cbVBNSwMxEM36WetX1aOXYBEUtewWRcFLwYvHCr YW2rJk02kNZrNLMiuUtf0jXvwrXjwoInjSf2Pa7 sGvB8M83pshmRfEUhh03U9nanpmdm4+t5BfXFpe WS2srddNlGgONR7JSDcCZkAKBTUUKKERa2BhIOE quDkb+Ve3oI2I1CX2Y2iHrKdEV3CGVvILR2lLhz TYHfZ0lKjO0CBDGA7uXH9vP6tTzz+w/WDf9pZmq ifBLxTdkjsG/Uu8jBRJhqpfeG91Ip6EoJBLZkzT c2Nsp0yj4BIG+VZiIGb8hvWgaaliIZh2Oj5vQLe t0qHdSNtSSMfq942Uhcb0w8BOhgyvzW9vJP7nNR PsnrRToeIEQfHJQ91EUozoKCvaERo4yr4ljGth/ 0r5NdOMo000b0Pwfp/8l9TLJc8teReHxUo5iyNH NskW2SEeOSYVck6qpEY4uSeP5Jm8OA/Ok/PqvE1 Gp5xsZ4P8gPPxBd4MoFU=</latexit><latexit sha1_base64 ="EOKXLOlDWCfAagVDfkLe294Kmcw=">AAACHni cbVBNSwMxEM36WetX1aOXYBEUtewWRcFLwYvHCr YW2rJk02kNZrNLMiuUtf0jXvwrXjwoInjSf2Pa7 sGvB8M83pshmRfEUhh03U9nanpmdm4+t5BfXFpe WS2srddNlGgONR7JSDcCZkAKBTUUKKERa2BhIOE quDkb+Ve3oI2I1CX2Y2iHrKdEV3CGVvILR2lLhz TYHfZ0lKjO0CBDGA7uXH9vP6tTzz+w/WDf9pZmq ifBLxTdkjsG/Uu8jBRJhqpfeG91Ip6EoJBLZkzT c2Nsp0yj4BIG+VZiIGb8hvWgaaliIZh2Oj5vQLe t0qHdSNtSSMfq942Uhcb0w8BOhgyvzW9vJP7nNR PsnrRToeIEQfHJQ91EUozoKCvaERo4yr4ljGth/ 0r5NdOMo000b0Pwfp/8l9TLJc8teReHxUo5iyNH NskW2SEeOSYVck6qpEY4uSeP5Jm8OA/Ok/PqvE1 Gp5xsZ4P8gPPxBd4MoFU=</latexit><latexit sha1_base64 ="EOKXLOlDWCfAagVDfkLe294Kmcw=">AAACHni cbVBNSwMxEM36WetX1aOXYBEUtewWRcFLwYvHCr YW2rJk02kNZrNLMiuUtf0jXvwrXjwoInjSf2Pa7 sGvB8M83pshmRfEUhh03U9nanpmdm4+t5BfXFpe WS2srddNlGgONR7JSDcCZkAKBTUUKKERa2BhIOE quDkb+Ve3oI2I1CX2Y2iHrKdEV3CGVvILR2lLhz TYHfZ0lKjO0CBDGA7uXH9vP6tTzz+w/WDf9pZmq ifBLxTdkjsG/Uu8jBRJhqpfeG91Ip6EoJBLZkzT c2Nsp0yj4BIG+VZiIGb8hvWgaaliIZh2Oj5vQLe t0qHdSNtSSMfq942Uhcb0w8BOhgyvzW9vJP7nNR PsnrRToeIEQfHJQ91EUozoKCvaERo4yr4ljGth/ 0r5NdOMo000b0Pwfp/8l9TLJc8teReHxUo5iyNH NskW2SEeOSYVck6qpEY4uSeP5Jm8OA/Ok/PqvE1 Gp5xsZ4P8gPPxBd4MoFU=</latexit>
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zero mode
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(b)
VBS_ms<latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+w qWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9I Nx0IV3WYS98Ekfx/Ot0e8 oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9ZW RRUpiZaAjazMDaRgAzP/D BSPF9gpKjMu/NdZBNF/7K R6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th4 ve8fTfqvsUEekkdkm4Tkk ByRV+SYTAkjOflMvpCvzs r55nx3fqxRZ9TXPCD/hPP zD/9J8Hs=</latexit><latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+w qWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9I Nx0IV3WYS98Ekfx/Ot0e8 oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9ZW RRUpiZaAjazMDaRgAzP/D BSPF9gpKjMu/NdZBNF/7K R6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th4 ve8fTfqvsUEekkdkm4Tkk ByRV+SYTAkjOflMvpCvzs r55nx3fqxRZ9TXPCD/hPP zD/9J8Hs=</latexit><latexit sh a1_base64="vlnXKJUHW1 tXIrzPDFlf5jZuTY0=">A AAC9nicbZLLbtQwFIY94V bCrYUlm4gIqUjVKGlLO+w qWMCyXIZWmkQjxznJWOM 4kX0CjNw8AltYskJseR02 PAtOJhUl5Ui2fp//O74nl eAag+DXyLly9dr1Gxs33V u379y9t7l1/70ua8Vgykp RqtOEahBcwhQ5CjitFNAi EXCSLF+0/skHUJqX8h2uK ogLmkuecUbRpt4Wcz3f9I Nx0IV3WYS98Ekfx/Ot0e8 oLVldgEQmqNazMKgwNlQ hZwIaN6o1VJQtaQ4zKyUt QMem22vjPbaZ1MtKZZtEr 8terDC00HpVJJYsKC700G uT//NmNWaT2HBZ1QiSrRf KauFh6bUH91KugKFYWUGZ 4navHltQRRna63EjCR9ZW RRUpiZaAjazMDaRgAzP/D BSPF9gpKjMu/NdZBNF/7K R6JDzirMBq3O5ZhE+oWl H2374JNoZYJw3PcIba6WQ 2cftLsq8VACyMSpPGhOM9 /Z3gvHTA9uFBwPwuajhnL P+bktOBswbSHsk7KawXXD YuK79EeHw/S+L6e742Th4 ve8fTfqvsUEekkdkm4Tkk ByRV+SYTAkjOflMvpCvzs r55nx3fqxRZ9TXPCD/hPP zD/9J8Hs=</latexit>
J?
<latexit sh a1_base64="OstR9Zlh9e e4g7KpbQj8+/6CjMo=">A AAC+nicbZLLbtQwFIY94d aGWwtLNhERUpGqKGlLO+w qWIBYFcQwlcbRyHFOMtY 4TmQ7wMjNQ7CFJauKLS/D hmfByaSipBzJ1u/zf8f3p OJM6TD8NXKuXb9x89bGpn v7zt1797e2H3xQZS0pTGj JS3maEAWcCZhopjmcVhJI kXCYJsuXrT/9CFKxUrzXq wriguSCZYwSbVPTN3Ncga zmW34YhF14V0XUCx/1cTL fHv3GaUnrAoSmnCg1i8J Kx4ZIzSiHxsW1gorQJclh ZqUgBajYdPttvCc2k3pZK W0T2uuylysMKZRaFYklC6 IXaui1yf95s1pn49gwUdU aBF0vlNXc06XXHt5LmQSq +coKQiWze/XogkhCtb0iF wv4RMuiICI1eAm6mUWxwR wyfeZHWLJ8obEkIu/Od5l NJPnLYt4hFxVnA1blYs1 q+KxNO9rxo6d4d4Ax1vQI a6yVQmYfuLso80oCiMbIP GlMGOwf7IbBs0PbRYcD8A Wv4YKz/l5LjgfMO0h7JOq msF141Liu/RHR8P2visle 8DwI3x74x+P+a2ygR+gx2 kEROkLH6DU6QRNE0RJ9QV /RN6dxvjvnzo816oz6mof on3B+/gFuGvIg</latexi t><latexit sh a1_base64="OstR9Zlh9e e4g7KpbQj8+/6CjMo=">A AAC+nicbZLLbtQwFIY94d aGWwtLNhERUpGqKGlLO+w qWIBYFcQwlcbRyHFOMtY 4TmQ7wMjNQ7CFJauKLS/D hmfByaSipBzJ1u/zf8f3p OJM6TD8NXKuXb9x89bGpn v7zt1797e2H3xQZS0pTGj JS3maEAWcCZhopjmcVhJI kXCYJsuXrT/9CFKxUrzXq wriguSCZYwSbVPTN3Ncga zmW34YhF14V0XUCx/1cTL fHv3GaUnrAoSmnCg1i8J Kx4ZIzSiHxsW1gorQJclh ZqUgBajYdPttvCc2k3pZK W0T2uuylysMKZRaFYklC6 IXaui1yf95s1pn49gwUdU aBF0vlNXc06XXHt5LmQSq +coKQiWze/XogkhCtb0iF wv4RMuiICI1eAm6mUWxwR wyfeZHWLJ8obEkIu/Od5l NJPnLYt4hFxVnA1blYs1 q+KxNO9rxo6d4d4Ax1vQI a6yVQmYfuLso80oCiMbIP GlMGOwf7IbBs0PbRYcD8A Wv4YKz/l5LjgfMO0h7JOq msF141Liu/RHR8P2visle 8DwI3x74x+P+a2ygR+gx2 kEROkLH6DU6QRNE0RJ9QV /RN6dxvjvnzo816oz6mof on3B+/gFuGvIg</latexi t><latexit sh a1_base64="OstR9Zlh9e e4g7KpbQj8+/6CjMo=">A AAC+nicbZLLbtQwFIY94d aGWwtLNhERUpGqKGlLO+w qWIBYFcQwlcbRyHFOMtY 4TmQ7wMjNQ7CFJauKLS/D hmfByaSipBzJ1u/zf8f3p OJM6TD8NXKuXb9x89bGpn v7zt1797e2H3xQZS0pTGj JS3maEAWcCZhopjmcVhJI kXCYJsuXrT/9CFKxUrzXq wriguSCZYwSbVPTN3Ncga zmW34YhF14V0XUCx/1cTL fHv3GaUnrAoSmnCg1i8J Kx4ZIzSiHxsW1gorQJclh ZqUgBajYdPttvCc2k3pZK W0T2uuylysMKZRaFYklC6 IXaui1yf95s1pn49gwUdU aBF0vlNXc06XXHt5LmQSq +coKQiWze/XogkhCtb0iF wv4RMuiICI1eAm6mUWxwR wyfeZHWLJ8obEkIu/Od5l NJPnLYt4hFxVnA1blYs1 q+KxNO9rxo6d4d4Ax1vQI a6yVQmYfuLso80oCiMbIP GlMGOwf7IbBs0PbRYcD8A Wv4YKz/l5LjgfMO0h7JOq msF141Liu/RHR8P2visle 8DwI3x74x+P+a2ygR+gx2 kEROkLH6DU6QRNE0RJ9QV /RN6dxvjvnzo816oz6mof on3B+/gFuGvIg</latexi t>
J⇥
<latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5d f+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqyo aa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e6 i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/bk uMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5d f+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqyo aa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e6 i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/bk uMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit><latexit sha1_base64= "RKDYa9Dxu0+weKuCGQul66ceea8=">AAAC+3icbZL LbtQwFIY94VbCrYUlm4gIqUhVlJTSDrsKFiBWBTF0p Ek0cpyTjDWOE9knLaM0PARbWLJCbHkYNjwLTiYVJeV Itn6f/zu+x6XgGn3/18i6cvXa9RsbN+1bt+/cvbe5d f+DLirFYMIKUahpTDUILmGCHAVMSwU0jwUcx8uXrX 98AkrzQr7HVQlRTjPJU84omtT0zTxEnoOeb7q+53fh XBZBL1zSx9F8a/Q7TApW5SCRCar1LPBLjGqqkDMBjR 1WGkrKljSDmZGSmlWiuttw4zw2mcRJC2WaRKfLXqyo aa71Ko8NmVNc6KHXJv/nzSpMx1HNZVkhSLZeKK2Eg 4XTnt5JuAKGYmUEZYqbvTpsQRVlaO7IDiWcsiLPqUz qcAnYzIKoDgWkeOYGoeLZAkNFZdad7yIbK/qXDUWHn FecDVidyTWL8BHrdrTtBk/CnQHGedMjvDFWAql54e6 i6lcKQDa1yuKm9r2nezu+92zfdMH+AHwhKjjnjL/bk uMB8w6SHgm6KUznHzS2bX5EMHz/y2Ky6z33/Ld77u G4/xob5CF5RLZJQA7IIXlNjsiEMCLIZ/KFfLU+Wd+s 79aPNWqN+poH5J+wfv4BqRjylQ==</latexit>
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FIG. 8. The two possible degenerate ground states for the
RS–VBS−–RS ladder. The first, |0+, 0+, 0+; 0−, 0−, 0−〉, has
no MBSs while the second, |0+, 0+, 0+; 1−, 0−, 1−〉, has four
MBSs.
is only with soft boundary conditions that the exact po-
sition of the singlets of the VBS− phase along the length
of the ladder is ambiguous (up to a single lattice spac-
ing), thus leading to a two-fold degeneracy. However it is
also useful to understand why the soft boundary condi-
tions are needed for degeneracy in the Majorana fermion
languagre. Nominally, the sharpness of the boundary is
a local perturbation which is not expected not break the
degeneracy of states involving spatially separated MBSs.
The key to resolving this conundrum is that a perturba-
tion that is local in spin operators will not necessarily be
local in the Majorana language.
To be clear, Fig. 8 shows the possible configuration
of the zero modes along the ladder for the two possible
ground states of the RS–VBS−–RS ladder. The |gs1〉
state has no zero modes present, while the |gs2〉 state
has four zero modes: one localized at each end of the
ladder, and one at each of the RS–VBS− interfaces. The
parity selection rule here amounts to forbidding states
with only two zero modes.
To see how sharp variations in the spin ladder param-
eters can induce a non-local perturbation in terms of the
Majorana fermions, we first need to write all of the spin
operators in bosonized/fermionic form. Each spin S`,r
has a smooth k = 0 part, M`,r, and a staggered k = pi
part, N`,r. The even and odd combinations of spin op-
erators across a given rung,
M±,r = M1,r ±M2,r, N±,r = N1,r ±N2,r, (C1)
can be written in terms of the operators describing the
four copies of the quantum Ising model forming the field
theoretic representation of the spin ladder. With a =
1, 2, 3, we have
Ma+,r ∼ abc
(
ξbR(xr)ξ
c
R(xr) + ξ
b
L(xr)ξ
c
L(xr)
)
,
Ma−,r ∼ ξ0R(xr)ξaR(xr) + ξ0L(xr)ξaL(xr),
N1+,r ∼ cos
(
Θ+(xr)
2
)
cos
(
Θ−(xr)
2
)
∼ µ0(xr)µ1(xr)σ2(xr)σ3(xr),
N2+,r ∼ sin
(
Θ+(xr)
2
)
cos
(
Θ−(xr)
2
)
∼ µ0(xr)σ1(xr)µ2(xr)σ3(xr),
N3+,r ∼ sin
(
Φ+(xr)
2
)
cos
(
Φ−(xr)
2
)
∼ µ0(xr)σ1(xr)σ2(xr)µ3(xr),
N1−,r ∼ sin
(
Θ+(xr)
2
)
sin
(
Θ−(xr)
2
)
∼ σ0(xr)σ1(xr)µ2(xr)µ3(xr),
N2−.r ∼ cos
(
Θ+(xr)
2
)
sin
(
Θ−(xr)
2
)
∼ σ0(xr)µ1(xr)σ2(xr)µ3(xr),
N3−,r ∼ cos
(
Φ+(xr)
2
)
sin
(
Φ−(xr)
2
)
∼ σ0(xr)µ1(xr)µ2(xr)σ3(xr). (C2)
The fermionic fields ξbL,R (b = 0, 1, 2, 3) are introduced
in the main text. For each of the four copies of the
(fermionic) Ising theories, we have associated spin (or-
der) and disorder fields, σb and µb, respectively. It is
crucial here that the operators σb and µb are non-local in
terms of the fermions ξbL,R.
If the (fermionic) Ising theory is in its ordered phase
(m > 0), there will be non-zero matrix elements of the
spin field in the ground state manifold while the disorder
operator in this same manifold vanishes,
〈gs#|σj |gs#〉
∣∣∣
mj>0
6= 0, 〈gs#|µj |gs#〉
∣∣∣
mj>0
= 0.
If instead the theory is in its disordered phase, m < 0,
the situation is reversed: matrix elements of the disorder
operator can be non-zero while those of the spin operator
are identically zero,
〈gs#|σj |gs#〉
∣∣∣
mj<0
= 0, 〈gs#|µj |gs#〉
∣∣∣
mj<0
6= 0.
Let us now consider how these matrix elements may cause
a splitting of the g.s. degeneracy. In a ladder that is either
translationally invariant or has smooth variations (whose
length scale is far greater than the lattice spacing), the
smooth (M) and staggered (N) parts of the spin op-
erators do not couple in the Hamiltonian. Indeed, such
terms rapidly oscillate and average to zero under the spa-
tial integral. However, if the exchange couplings vary on
the order of the lattice spacing, terms such as M+ ·N+
and/or M− ·N− can appear in the Hamiltonian. Using
the operator product expansion σ · ξL,R ∼ µ, we see that
the following terms can then appear in the low-energy
effective theory:
M+ ·N+ ∼M− ·N− ∼ cos(Φ+/2) cos(Φ−/2)
10
∼ µ0µ1µ2µ3. (C3)
Both of these lattice terms (±) have the same operator
form in the continuum.
Now how does M± · N± lead to a splitting of the
putative g.s. degeneracy between |gs1〉 and |gs2〉? The
easiest way to see this is to notice that the singlet pat-
terns of the states |gs1〉 and |gs2〉 in the VBS− portion
of the ladder are shifted by one lattice spacing relative
to one another. Moreover, under a shift by one lattice
spacing, the bosonic fields are correspondingly shifted as
Φ+ → Φ+ + 2pi and Θ+ → Θ+ + 2pi while Φ− → Φ− and
Θ− → Θ−. Using the bosonic form of M± · N±, this
implies
〈gs1|M± ·N±(x)|gs1〉 = −〈gs2|M± ·N±(x)|gs2〉,
(C4)
where x is in the VBS− segment of the inhomogeneous
ladder. AsM± ·N± ∼ µ0µ1µ2µ3, these matrix elements
are non-zero since in the VBS− phase, all fermion masses
are negative.
The RS–VBS−–RS ladder with rapidly varying cou-
plings therefore has additional Hamiltonian terms of the
form
δH = α
∫
left interface
dxµ0(x)µ1(x)µ2(x)µ3(x)
+α
∫
right interface
dxµ0(x)µ1(x)µ2(x)µ3(x), (C5)
where the spatial integrals are confined to the boundary
regions between the phases, averaging to zero otherwise.
From the above discussion we expect that δH induces a
splitting in energy of the two ‘ground states’ proportional
to the coupling α at first order in perturbation theory.
Thus sharp boundaries between phases in the spin model
lead to a splitting of the degeneracy in the Majorana
theory.
Appendix D: DMRG Background and Further
Results
The DMRG22 calculations reported in this work were
based on the QSpace tensor library.55 This allowed us to
fully exploit the underlying SU(2) spin symmetry, as well
as to simultaneously target a range of low lying eigen-
states. Given the simplicity of the model, rungs were
considered as a single site in the DMRG calculations.
This had the advantage that the J× term in Eq. (1) of
the main text can be written as a plain nearest-neighbor
interaction.
1. Even vs Odd Ladder Lengths: Uniform VBS−
phase close to J⊥ = 0
In the main text, we focus on ladders with an even
number L of sites along each chain. This is particu-
larly important for the VBS− phase which spontaneously
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FIG. 9. Finite size scaling 1/L→ 0 of the DMRG low-energy
eigenstates in the uniform VBS− ladder close to J⊥ = 0 for
ladders of even [panel (a)] and odd lengths [panels (b-d)]. At
least Nψ ≥ 8 low-energy symmetry multiplets are targeted.
Lines of the same color belong to the same global symmetry
sector as indicated in the legend of (a).
breaks translational symmetry in a valence bond crystal
(VBC) like fashion. As a direct consequence, its local
properties are very sensitive to the specific length of a
finite size ladder. For periodic boundary conditions, the
VBS− phase has a two-fold degenerate g.s. with an even
number of rungs. For open boundary conditions, a VBS−
ladder with even L has a unique ground state. However,
for an odd leg ladder with open boundary conditions,
this picture becomes highly distorted – in effect, the low-
est energy state of such a ladder would correspond to an
excited state of a VBS− ladder with even length.
A representative DMRG study is shown in Fig. 9. For
even L (with J⊥ = 0), we find a unique g.s. [Fig. 9(a)],
even in the thermodynamic limit 1/L → 0. Much more
remarkably still, at the same J⊥ = 0 as in (a), we ob-
serve a degeneracy of the first singlet and triplet states
[Fig. 9(d)]. Furthermore, if a small rung coupling J⊥
is turned on, the system develops a singlet-triplet gap
whose sign depends on the sign of J⊥ [Fig. 9(b-c)]!
2. Non-uniform Ladders
For non-uniform ladders, we switch between phases by
tuning the parameters J⊥, J× in Eq. (1) of the main text
along the ladder, using the function
f(x) =
1
1 + exp
(
x
δx
) . (D1a)
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FIG. 10. Finite size scaling of low-energy DMRG eigenstates
in the RS–VBS−–RS ladder. (a) The couplings are varied as
in J⊥(x) = 43 (1 − w(x)) and J×(x) = − 43w(x), with w(x) in
Eq. (D1b). Panels (b-d) show the finite size analysis 1/L→ 0
for δx = 0.5, 1, and 2, respectively, with L = 32 . . . 256. The
colors specify the symmetry sectors [singlet sector S = 0 in
blue, and triplet sector S = 1 in red, cf. legend to (b)]. Each
panel contains data from three slightly different systems to
explore (the eventually minor) even-odd effects in the length
of the VBS− center region [see legend to (c)].
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FIG. 11. Finite-size analysis of the low-energy DMRG eigen-
states for the VBS−–RS–VBS− ladder plotted vs. 1/L for
L = 32, . . . , 256. We used δx = L/64 = const and (J⊥, J×) =
4
3
(sinϕ,− cosϕ) where ϕ = piw/2 and w(x) as in Eq. (D1a).
The parameter profile is shown in the inset for L = 32.
Global symmetry sectors are again indicated by color (see
legend), with the data tentatively extrapolated to 1/L → 0
(lines in light colors). As L increases, the transition becomes
smoother. Yet for all system sizes analyzed for a transition
width up to δx = 2, the g.s. clearly remains a unique singlet.
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FIG. 12. Development of g.s. degeneracies in an RS–H–
RS ladder with increasing system size, L = 32, . . . , 256. The
DMRG calculations target the lowest 16 energy eigenstate
multiplets, where lines of the same color belong to the same
global symmetry sector (see legend). The width of the bound-
ary between RS and H phases was kept constant relative to L,
i.e., δx = L/64, with the values vs ladder position indicated
in the inset for L = 32. As L → ∞, the ladder develops a
16-fold g.s. degeneracy, consisting of four singlets (S = 0)
and four triplets (S = 1), where the numbers on top of the
lines indicate their degeneracy. Also shown are the first few
excited states, illustrating the excitation gap.
This represents a step that is smoothened over a width
δx. For a slab geometry A–B–A, with a sandwiched phase
B in the middle of the ladder surrounded by phase A
on either side, we tune the couplings J⊥, J× using the
window function
w(x) = f(x− x+)− f(x− x−) (D1b)
which is non-zero over a stretch Lc ≡ x+−x− with x± =
(L± Lc)/2 in the center of the ladder, and smoothed at
the transition points over a width δx.
a. RS–VBS−–RS Ladders
A more detailed analysis of the RS–VBS−–RS slab ge-
ometry, cf. Fig. 3 in the main part, is shown in Fig. 10.
Here the size Lc of the central region is varied w.r.t. to
fixed Lc mod 2 in order to analyze even-odd effects of
Lc for fixed (narrow) transition width δx [see legend with
panel (c)]. For each system, there is one blue line split off
from the remainder of the data which thus shows expo-
nential convergence of a pair of g.s. singlets in an other-
wise gapped system. For very small δx, the g.s. doublet
remains split in the thermodynamic limit [(b)]. Yet when
going to slightly larger δx, rapid convergence towards an
exact g.s. degeneracy is observed [(d)].
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b. VBS−–RS–VBS− Ladders
One might think that a VBS−–RS–VBS− ladder would
also exhibit a g.s. degeneracy dictated by the Jackiw-
Rebbi (JR) mechanism because there is a fermion mass
sign change at each of the two boundaries. However,
such a degeneracy is not possible because of the parity
selection rule. In fact, of the two g.s. candidates,
|0+, 0−; 0+, 0−; 0+, 0−〉, |0+, 0−; 0+, 1−; 0+, 0−〉, (D2)
only the first one is allowed. We demonstrate in Fig. 11
that our DMRG computations are consistent with this
observation.
c. RS–Haldane-RS Ladder
Finally, we consider the RS–H–RS setup. The ar-
rangement of couplings along this ladder is pictured in
the inset of Fig. 12. Keeping the labelling convention
|a+, b+, c+; a−, b−, c−〉 for the possible states, the follow-
ing 16 states are permitted by parity,
|0+, 0+, 0+; 0−, 0−, 0−〉; |0+, 0+, 0+; 0−, 1−, 1−〉;
|0+, 0+, 0+; 1−, 0−, 1−〉; |0+, 0+, 0+; 1−, 1−, 0−〉;
|0+, 0′+, 0+; 0−, 0−, 0−〉; |0+, 0′+, 0+; 0−, 1−, 1−〉;
|0+, 0′+, 0+; 1−, 0−, 1−〉; |0+, 0′+, 0+; 1−, 1−, 0−〉;
|0+, 1+, 0+; 1−, 0−, 0−〉; |0+, 1+, 0+; 0−, 1−, 0−〉;
|0+, 1+, 0+; 0−, 0−, 1−〉; |0+, 1+, 0+; 1−, 1−, 1−〉;
|0+, 1′+, 0+; 1−, 0−, 0−〉; |0+, 1′+, 0+; 0−, 1−, 0−〉;
|0+, 1′+, 0+; 0−, 0−, 1−〉; |0+, 1′+, 0+; 1−, 1−, 1−〉.
Now simply because we can form 16 possible potential
ground states consistent with the parity selection rule
does not mean that all will be actually possible. It could
be that there is some O(1) energy cost to gluing together
the different phases. However, in this ladder, all four
Majorana fermions change sign at the RS-H boundaries
and so the JR mechanism (preliminarily) suggests a 16-
fold degeneracy. (An example where we might not expect
all allowed states to be ground states is given by the H-
VBS+-H ladder. Such a ladder has 320 potential g.s.’s
allowed by the parity rule. However, by JR in combina-
tion with the fractionalized spin-1/2’s that sit at the ends
of the ladder because of the positioning of the Haldane
phase, we actually only expect an 8-fold g.s. degeneracy.)
We verify in Fig. 12 from DMRG that indeed the RS–H–
RS ladder has a 16-fold degenerate g.s. It is decidedly
non-intuitive that we can increase the Haldane phase’s
g.s. degeneracy by a factor of four merely by placing it in
between two SPT trivial RS phases. In the spin language
it is however relatively straightforward to understand.
Because J⊥ = 0 at the boundary between phases, we can
imagine a free spin-1/2 at the boundary on both legs of
the ladder which results in a total of 24 = 16 degenerate
states. The two boundary spin-1/2’s can be combined
into a singlet and a triplet, hence the systematic pairing
of singlets with triplets.
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